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Abstract 
This paper addresses the problem of computing transitive closure of a given directed graph on linear systolic arrays (SA). 

We have designed three linear SAs, including two static SAs and a bi-directional SA. Then we compare obtained arrays in term 
of execution time, number of processing elements and efficiency. 
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INTRODUCTION 

The problem of finding transitive closure (TC) 
can be defined as follows. For a given directed 
graph ),( EVG = , where V is a set of vertices and E 
a set of directed edges, find a graph 

*),(* EVG = which has the same vertex set V, but 
has a directed edge from vertex v to vertex w if 
and only if there is a directed path from vertex v 
to vertex w in G. Graph *G  is called a transitive 
closure of G.  

The problem of computing TC of a given 
graph has been studied extensively in the 
literature because it is an abstraction of many 
practical problems that are used in wide variety of 
applications in mathematics, computer science, 
engineering and business. It is required, for 
instance, in reachability analysis of transition 
networks representing distributed and parallel 
systems and in the construction of parsing 
automata in compiler construction. Recently, 
efficient transitive closure computation has been 
recognized as a significant sub problem in 
evaluating recursive database queries, since 
almost all practical recursive queries are 
transitive. 

In this paper we consider an implementation of 
TC problem on linear systolic arrays (SA). Our 
goal is to synthesize regular linear SAs with 
optimal number of processing elements (PE) for 

computing TC. The execution time of  
synthesized arrays should be as minimal as 
possible. 

SYSTOLIC ALGORITHM 
A directed graph ),( EVG =  can be represented 

by the corresponding adjacency matrix 
nnijaA ×= )( , where 1=ija  if there is a direct edge 

from node i to node j, and 0=ija  otherwise. Since 
a transitive closure of G, denoted as *G , is also a 
graph it can be represented by its adjacency 
matrix nnijaA ×= )( ** . Therefore to compute 
transitive closure of G it is enough to find 

*A from A (see [1]).The best known sequential 
algorithm for computing transitive closure is 
Warshall’s. Given in Pascal-like notation 
Warshall’s algorithm has the following form 

Algortithm_1 
for k:=1 to n do 
  for i:=1 to n do 
    for j:=1 to n do 

)(: )1()1()1()( −−− ∧∨= k
kj

k
ik

k
ij

k
ij aaaa . 

From geometrical point of view this algorithm 
is a three-dimensional. The corresponding data 
dependency graph of this algorithm is irregular 
and it is not convenient for SA synthesis. 
However, we can observe this algorithm as a 
series of two-dimensional computations where a 
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sequence of matrices )( )0()0(
ijij aA = , )( )1()1(

ijij aA = , ..., 
)( )()( n

ij
n

ij aA =  is computed, where AA =)0(  and 
)(* nAA = . Computational complexity of these 

two-dimensional entities is equal for each 
)( )()( k

ij
k

ij aA = , k=1,2,...,n. Also, the computation of  
)( )()( k

ij
k

ij aA =  depends only on )( )1()1( −− = k
ij

k
ij aA . 

These facts indicate that it is enough to design a 
systolic array that computes )1(A  according to 

)0(A . The final result can be obtained by repeating 
the computation n times on the designed array 
such that result of the (k-1)-step is used as an 
input in the k-th step. To follow this idea instead 
of Algorithm_1 we use the following algorithm 

 
Algortithm_2 
  for i:=1 to n do 
    for j:=1 to n do 

)(: )0()0()0()1(
kjikijij aaaa ∧∨= . 

However this is not a systolic algorithm since 
its data dependency graph has global 
dependencies. Therefore we have to systolize it. 
To ease the presentation we introduce the 
following notation 

)0(
1

)0(
1

)0()1(

)1,,0(,)1,0,(

,)0,,(,)1,,(

ji

ijij

ajbaid

ajicajic

==

==
            (1) 

for each ni ,...,2,1=  and nj ,...,2,1= . Having this in 
mind, the systolic representation of Algorithm_2 
has the following form 

Algorithm_3  
 for i:=1 to n do 
   for j:=1 to n do 

 
)11(01

111
111

)b(i,j,)d(i,j,)c(i,j,):c(i,j,
),j,b(i-):b(i,j,
),d(i,j-):d(i,j,

∧∨=
=
=

 

We will call this algorithm the basic systolic 
algorithm. The corresponding data dependency 
graph is ),( )1(

int
)1( DP=Γ , where )1(

intP represents a set 
of nodes and D set of edges. Actually, a set of 
nodes corresponds to a set of index points where 
the computation of Algorithm_3 is taking place, 
so called inner computation space, defined as 

}1,1|)1,,{()1(
int njnijiP ≤≤≤≤=                (2) 

while D is data dependency matrix which consists 
of a set of constant dependency vectors 
 

[ ]















==

100
010
001

333
cdb eeeD
rrr                (3) 

each of them representing a data dependency 
corresponding to the one of the variables b, d and 
c, respectively. 

The initial computation space of Algorithm_3, 
)()()( )1()1()1()1( cPbPdPP inininin ∪∪= , placed at the border 

of space )1(
intP , is defined by 

}.1,1|}0,,{()(

},1|)1,,0{()(

},1|)1,0,{()(

)1(

)1(

)1(

njnijicP

njjbP

niidP

in

in

in

≤≤≤≤=

≤≤=

≤≤=

            (4) 

An example of graph ),( )1(
int

)1( DP=Γ  and )1(
inP for 

the case n=3 is presented in Fig.1. 

The SA that implements Algorithm_3 is obtained 
by mapping graph ),( )1(

int
)1( DP=Γ  into (x,y)-plane. 

Data schedule at the beginning of the 
computation on the obtained SA is obtained by 
the same mapping of )1(

inP  into (x,y)-plane. This 
mapping directly depends on the chosen 
projection direction vectors. The next section 
describes how to determine all allowable 
projection direction vectors. 

 
 

 

 

Fig. 1. Data dependency graph )1(Γ and inner 
computation space )1(

inP  for the case n=3 

DETERMINING PROJECTION 
DIRECTION VECTORS  

The projection direction vectors are of the 
form [ ]T321 µµµµ =

r . Since space )1(
intP  is placed 

in the plane k=1 and we want to design 1D SA, 
3µ  has to be zero. Further, the interconnection 

pattern between the processing elements (PE) in 
the SA must be of near-neighbor type. Therefore, 

2,1},1,0,1{ =−∈ iiµ . Finally, having in mind that 
projection directions vectors µv  and µv−  give the 
same SA, we conclude that possible projection 
direction vectors are [ ]T001=µ

r , [ ]T010=µ
r , 
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[ ]T011=µ
r  and [ ]T011 −=µ

r . Since the 
direction [ ]T011 −=µ

r  introduces some irregularity 
in the SA design (see, for example [2, 6]) and that 
arrays are out of scope of our interest, we will 
consider the first three directions as allowable. 

Denote by SA1, SA2 and  SA3 systolic arrays 
obtained according to directions [ ]T001=µ

r , 
[ ]T010=µ

r  and [ ]T011=µ
r , respectively. In 

the next section we will describe the synthesis of 
these arrays. 

SA SYNTHESIS 
The array SA1 

Mapping T that maps graph ),( )1(
int

)1( DP=Γ  into 
SA  is called a valid transformation matrix. It is 
determined for each allowable projection 
direction separately. Matrix T is not uniquely 
defined for a given projection direction. More 
about the criteria for determining valid 
transformation matrices one can find in [7,8]. 
One of the possible transformation matrices for 
the direction [ ]T001=µ

r is 

.
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The (x,y)-coordinates of the PEs in the 
projection plane are obtained according to 
mapping  
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The communication links between the PEs are 
implemented along the projection of data 
dependency vectors obtained according to 
mapping ∆→DS :1 , i.e.  
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To obtain data schedule at the beginning of the 
computation in the SA that preserves the 
correctness of the computation, the initial 
computation space, )1(

inP , has to be rearranged 
before mapping 1S  is applied. The rearrangement 
is performed by the timing function ),( pt

r  
)1(

int
)1( PPp in ∪∈

r  which is defied as 
,)( α+Π= ppt T rrr  

where α  is a constant determined from the 
condition that the first computation is performed 

in the point )1(
int,]111[ Ppp T ∈=

rr . The 
rearrangement of )1(

inP  is performed according to 
the following equality 

,)1)((: 3
χχχχ eptpp
rrrr

+−=  
for ach },,{ cbd∈χ . In our case we have that 

2)( −= ipt d
r , 2)( −= jpt b

r  and 3)( −+= jipt c
r . 

Consequently, the rearranged initial computation 
space  

)(ˆ)(ˆ)(ˆˆ )1()1()1()1( cPbPdPP inininin ∪∪=  
 is defined as 

}.1,1|)2,,{()(ˆ
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Finally, initial data schedule at the beginning of 
the computation in SA1 is determined according 
to the following formulas 
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where 1r   is determined for all pairs (i, j) as 
greater of the integers from the set {0,1} such that 
the following is valid 

02 1 ≤+−− nrji                         (5) 
for each i=1,2,...,n and j=1,2,...,n. The parameter 

1r  is used to minimize the execution time (see 
[6,8,9]). 

   An example of  the array SA1 for the case n=3 
as well as functional properties of the PE are 
given in Fig.2. 

The array SA2 
Since the design procedure is the same as for the 
array SA1 we will immediately give the formulas 
for the synthesis of SA2. The (x,y) positions of 
the PEs in the SA2 and initial data schedule at the 
beginning of the computation are determined by 
the following formulas: 
 









+








=








→









=








→

0
0

1
)1,0,(

1

1nr
i

y
x

id

i
y
x

PE

d

 









+








−−

=







→









+







 −
=








→

1
0

2
)0,,(

0
1

1
1

)1,,0(

1

1

nr
ji

i
y
x

jic

nr
j

y
x

jb

c

b  



Международна научна конференция “УНИТЕХ’04” – Габрово I-329

for each i=1,2,...,n and j=1,2,...,n. An example of  
the array SA2 for the case n=3 and functional 
properties of the PE are given in Fig.3. 
 

 
Fig. 2. a) The array SA1 for n=3. b) Functional 

property of PE 

 

 

Fig. 3. a) The array SA2 for n=3. b) Functional 
property of PE 

The array SA3 
The (x,y) positions of the PEs in the SA3 and 
initial data schedule at the beginning of the 
computation are determined by the following 
formulas: 
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for each i=1,2,...,n and j=1,2,...,n. Here we 
assume the following periodicity of data 
elements:  

)0,,()0,,(),1,,0()1,,0( jicnjicjbnjb ≡+≡+  

and. The parameters 2, rnv  and 3r  are used to 
minimize the execution time of Algorithm_3 on 
SA3. The constant  nv  is determined as 


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

+
=

evenisif,1
oddisif,

nn
nn

n . 

The parameters 2r  and 3r  are determined for all 
pairs (i, j) as greater of the integers from the set 
{0,1} such that the following is satisfied 

0)()1()1(2
01,0)1(2

32
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≤++−−−−
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nrrji
rinri . 

Parameter 2r  is determined first. An example of  
the array SA3 for the case n=3 and functional 
properties of the PE are given in Fig.4. 
 

 
Fig. 4. a) The array SA3 for n=3. b) Functional 

property of PE 

 

PERFORMANCE ANALYSIS 
Various performance parameters can be used 

to measure the features of the synthesized SAs. 
Here we will use: number of processing elements, 
Ω, initialization time, tin, execution time, texe, 
output time, tout, during the computation of 

)( )()( k
ij

k aA =  for some fixed k, total execution time 
to compute transitive closure of a given graph, 
Ttot, and the efficiency, E. The obtained results 
are summarized in Table 1. 

 
SA Ω tin texe tout Ttot E 

SA1 n n-1 n n-1 12 2 −n  2/1≈
SA2 n n-1 n n-1 12 2 −n  2/1≈
SA3 n n-1 n  n-1 1)( −+ nnn 2/1≈

Table 1. Performance of the designed arrays 
 
As can be seen from Tab. 1 performances of 

the designed arrays are almost identical. All 
arrays have optimal number of PEs for a given 
problem size n. However the arrays SA1 and SA2 
are static arrays in the sense that some data 
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elements are resident in the array, while SA3 is 
fully pipelined. Another important property of 
SA3 is its suitability for fault-tolerant 
computations. Namely with low hardware 
overhead this array can detect and correct single 
permanent or transient errors during the 
computation. 
 

 

CONCLUSION 
 We have discussed the problem of computing 
transitive closure of a given directed graph on 
linear systolic arrays. We have designed three 
linear regular arrays with optimal number of PEs 
for a given problem size. The execution time of 
these arrays is minimal possible for a given 
number of PEs.  
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