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Systolic Implementation of Nonlinear
Transformation of Two Sequences

E. I. Milovanovié, 1.Z. Milovanovié, B. M. Randjelovié, M. K. Stojeev

Abstract— This paper concerns with linear bidirec-
tional systolic array {BLSA) since it can be applied for
solving a broad class of scientific and technical problems,
such as matrix-vector multiplications, eigen value com-
putation, solving systems of linear equations iteratively.
This makes this array some kind universal. The array
with the same topology, but different functionality of
FEs, can be applied for solving problems in operational
research, graph theory, discrete mathematics, ete, In
this paper we will show how a nonlinear transformation
of two given sequences (a1,0z,...,0q) and (b1, b2,.. ., 8,
and matrix W = (wy), ¢ = 1,3,...,n, 7 = 1,2,... ,m»y can
be computed on BLSA,. The transformation can be de-
seribed as ¢y = wy Hog O by, for each i = 1,2, .., and
7=1,2,...,n Binary operations @& and & are closed, as-
sociative and commutative. This transformation repre-
sents a mathematical model for broad class of problems
that are met in operational research, graph theory, dis-
crete mathematics, etc. We illustrate the presentation
on the example of finding shortest path in a given graph.
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I. INTRODUCTION

During the previous decadss, enormous technological
adwvances have been achieved in the ares of VLI cir-
cuita. Such technological advances gave rise to a totally
new way of computing, constituted of highly parallel
computing systems for specific applications. An inter-
esting approach ig the so-called systolic array comput-
ing, proposed originally by Kung [2], at the end of the
seventies. A systolic array is parallel computing device
for a specific application, that is constituted of large
nurnber of processing elements (abbreviated as PEs),
interconnected in a regular way, with local communica-
tion. In a similar way as blood circulates in the human
body, data circulate inside the PEs of a systolic array,
and interact with other data. Results computed in PEs
are again pumped into other PEe for further computing.
The regularity of these arrays leads to inexpensive and
denge VL3I implementations, which imply high perfor-
mance and low cost. Application specific processor ar-
rays fit naturally into the concept of hardware library,
where functional units are in relation to the host com-
puter as subroutines from a software library are to pro-
duction cods.
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Systolic arrays have been designed for a wide variety
of computationally intensive problems in signal process-
ing, numerical problems, pattern recognition, database
and dictionary machines, graph algorithme etc. Sye-
tolic arrays implemented in silicon chips are typically
laid out in a linear array or bidimensional grid of cells.
One dimensional or linear systolic arrays are especially
popular because of low number of /O pins required for
the interconnection with the * outside world”.

The most interesting linear systolic array iz the bidi-
rectional linear systolic array (BLSA). The reason why
BLSA has leading role in the class of all 1D linear
SA lies in the fact that this SA has many desirable
properties, like maximal data-flow ([2], [3]), possibili-
ties for fault-tolerant calculations ([7]) and applicabil-
ity in many scientific and technical problemg, such as
matrix-vector multiplication ([2], [2], [9], [10]), correla-
tion and convolution of two sequences ([4], [6]), itera-
tive processes ([5]), linear and dynamic programming
([11]), stochastic processes ([8]), graph theory, etc. Of
coursze, BL3As for different problems may differ from
each other with respect to functional propertiag of pro-
cessing elements (PE), but they all have the same topol-
ogy. To clarify this consider the following gensral prob-
lem. Assume that we have two sequences and a matrix.
If we define two binary operations with some prede-
fined propertisg, we can define transformation, i.e. al-
gorithm, for calculating elernents of a new matrix, ob-
tained from the elernents of given sequences and matrix.
That algorithm would have high degree of universality,
because it could be applied in many problems in sci-
ence and technique, by choosing binary operations and
elements of sequences and matrix. In this paper we gyn-
thesize BLSA suitable for the implementation of such
transformation with minimal (i.e. optimal) number of
PEs for a given problem size, and minimal possible ex-
ecution time for this number of PEs. Then we illus-
trate obtained results on the example of calculating the
shortest path in a given graph.

II. PROELEM DEFINITION

Let R be the set of real numbers and R* be its exten-
sion, l.e. B* = RU {4o0}. Now, introduce two binary
operations @ and @ on the set R*, that are clozed, as-
sociative and commutative.

Further, assume we have two sequences [(g;), i =
1,2, ..,nand (5;), § = 1,2,.. . ,n, and matrizx W =



(wij), ¢ = 1,2,...,n, 7 = 1,2,...,n, with elements
from the set R*. We want to compute matrix C' = (¢;;),
according to the following expression

(1)

for each ¢ = 1,2,...,nand 7 = 1,2,...,n. Our goal
is to implement computation (1) on the BLSA with
optimal number of PEs with respect to a problem size,
i.,e. n. The execution time of this BLSA should be
as minimal as possible. Figure 1 show the functional

properties of the PE in BLSA.

cij = wij ® a; © by,
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Fig. 1. Functional properties of the PE

III. GENERATING OF SYSTOLIC ALGORITHMS

The basic systolic algorithm which can be used for
calculating (1) has the following form

Algorithm_1

for j:=1 ton do

for i :=1 ton do

a(i,j,1) :==a(é,j —1,1);

b(i,4,1) :==b(i—1,7,1);

et 4,1) == ¢(4,4,0) ® ali, j,1) © b(i,7,1);

endfor{s, j };
where ¢(7,7,0) = w;;, a(i,0,1) = a;, b(0,7,1)
c(i,j,1) = ¢ for each i 1,2,...,n and
1,2,...,n.

The BLSA is usually designed according to the pro-
jection direction i = [1 0 1]7 (see for example [9],
[10]). But, in our case, this projection vector does
not lead us towards the BLSA with desired properties.
Therefore, we introduce a new approach in designing
BLSA. Namely, we synthesize BLSA as ”degraded” two-
dimensional orthogonal SA, obtained according to the
projection direction ji = [1 1 0]7. Degradation means
that during the synthesis process we obtain 1D orthog-
onal SA, topologically identical as BLSA, instead of 2D
orthogonal SA.

Note that properties of binary operations @ and © in
(1) enables computation of matrix C elements by any
order, i.e. by any permutation of index set {1,2,...,n},
for both index variables i and j. We use this property
to minimize the number of PEs in BLSA. Therefore, in-
stead of Algorithm_1, we define an equivalent algorithm
which is adjusted to the direction i = [1 1 0] (see for

bj,

example [1], [12]). The adjustment can be performed
by any index variable. The following algorithm is ad-
justed to the direction i = [110]7, by index variable
1.
Algorithm_2
for j:=1 ton do
for i :=1ton do
a(t,i+j—1,1):=a(i,i+j5—2,1);
b(i,i+j—1,1):=bi—1,i+7—1,1);
c(i,i+j—1,1):=c(i,i+5—1,0)®ali, i +j—1,1)
©b(i,i+j—1,1);
endfor{i, j};
where a(i,j + n,1) = a(i,j,1) = a;, b(i,j + n,1) =
b(i,5,1) = b,, for each ¢ 1,2,...,n and j
1,2,...,n.
If the adjustment is performed by index variable j,
then the systolic algorithm has the following form
Algorithm_3
for j:=1 ton do
for i:=1 ton do
a(i+5—1,4,1) = ali+j—1,j—1,1);
b(i+j—1,7,1):=bli+5—2,7,1);
Obli+j—1,4,1);

endfor{i, j};
where a(i + n,j,1) a(i, j,1)
b(i,5,1) = bj, for each ¢
1,2,...,n.

Since we consider square case in (1), ie. 1
1,2,...,n, 7 =1,2,...,n, the results will be the same
for both Algorithm_2 and 3. Without affecting the gen-
erality, in further analysis we will use Algorithm_2.

a;, b(l+n7]71)
2,...,n and j

L,

IV. SyNTHESIS oF BLSA

Here we are not going to derive formulas for BLSA
synthesis. Instead, we will use those derived in [1], [10],
[12].

Denote with PE — [[] position of the PE in the
synthesized BLSA, and with a(¢,0,1) — [Z]“’ b(0,i+j5—
1,1) — [Z]b and c(i,i+j—1,0) — [;]C positions of input
data elements at the beginning of the computation.

The BLSA that implements (1) according to Algo-
rithm_2 is synthesized according to the following for-
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foreach i =1,2,...,nand j = 1,2,...,n, where nn is
defined as
_ n, if nis odd
n = S ,
n—1, if nis even.

while 71 is greater of the integers from the set {0,1} for
which the following is valid

—2(i—1)+rmn<0, i=1= r =0. (2

Similarly, 5 is greater of the integers from the set {0,1},
for which the following holds

—2(i —1) = (j — 1) + (r1 + r2)7 < 0.

Note that r; should be determined first.

Data flow in the BLSA that computes (1) according
to Algorithm_2, for the case n = 3 is presented in Figure
2.
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Fig. 2. Data flow in BLSA for the case n = 3

V. PERFORMANCES OF THE BLSA

Synthesized BLSA consist of 2 = n PEs, that is min-
imal number for the given problem size n. Total exe-
cution time of Algorithm_2 implemented on BLSA, is
Tiot =3n —2, if nis odd, where T}, =n—1, T..c. =n,
Tout =n—1, and Ty,r = 3n — 1 (one time unit more)
if n is even. The execution time can not be better for

Q0 =n PEs.

VI. APPLICATION

As we have mentioned in the Introduction, obtained
BLSA can be used for systolic implementation of many
problems, by choosing elements of sequences (a;) and
(b;) and matrix W = (w;;). We will illustrate this
on the example of computing shortest path in a given
graph.

Let G = (V,FE) be a given directed or undirected
graph, where V' = {&1,22,...,2,} is the set of nodes,
and F = {l;,l5,...,l,,} is a set of arcs. Graph G can
be described by a square matrix D(® = (dgg)), i =

1,2,...,n, 7 = 1,2,...,n, where dl(?) represents the
distance between nodes x; and x;. We assume that
dg?) =0 If dz(;)) = +o0, the arc between z; and x; does
not exists.

Starting with matrix D(®) and recurrence relation

d¥) = min (dl(jﬂ),dgl’jfl) + d,ﬁ’;ﬂ)) , 1<k<n, (3)
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Fig. 3. Data flow in the BLSA that computes shortest path for
some fixed k£ and n = 3.

we can obtain matrix D" = (dg;)), that contains the
values of the shortest paths between the nodes in a given
graph G = (V, E).
. . . (k—1) . (k—1)
If in (1) we substitute a; with d;;~ 7, b; with d;;

and w;; with dl@fl) for each 7,7 =1,2,...,n and some
fixed k, and define binary operations @ and © as

x@®y=min(z,y) and 2Oy =2x+vy,

for each z,y € R*, we obtain an expression that com-
putes elements of matrix D®*) according to D1,
If we repeat this calculation n times, ie. for k =
1,2,...,n, we will obtain matrix D("). Tt is not difficult
to see that the total execution time needed to compute
D™ on BLSA is equal to Tyo; = n(2n — 1), when n is
odd, and Ti,: = 2n2, when n is even. Data-flow in the
BLSA that computes D) for some fixed k,1<k<3
and n = 3 is presented on Figure 3.

VII. CoNcLUSION

We have defined a nonlinear transformation of two
given sequences and a matrix, which represents mathe-
matical model for a great number of problems that are
met in scientific and technical applications. Then we
have synthesized BLSA as a degraded bidirectional or-
thogonal SA which can be used to calculate the defined
transformation efficiently. Depending of the type of op-
erations involved in the transformation, structure of the
processing element in the BLSA may vary, while the in-
terconnection pattern remains the same. The obtained
BLSA is optimal with respect to a number of process-
ing elements for a given problem size. Execution time
is minimized for a given number of PEs. We have illus-
trated the presentation on the example of determining
the shortest path in a given graph.
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